Abstract. This paper develops a new, simple, general, and explicit form of the equations of motion for general constrained mechanical systems that can have holonomic and/or nonholonomic constraints that may or may not be ideal, and that may contain either positive semi-definite or positive definite mass matrices. This is done through the replacement of the actual unconstrained mechanical system, which may have a positive semi-definite mass matrix, with an unconstrained auxiliary system whose mass matrix is positive definite and which is subjected to the same holonomic and/or nonholonomic constraints as those applied to the actual unconstrained mechanical system. A simple, unified fundamental equation that gives in closed-form both the acceleration of the constrained mechanical system and the constraint force is obtained. The results herein provide deeper insights into the behavior of constrained motion and open up new approaches to modeling complex, constrained mechanical systems, such as those encountered in multi-body dynamics.
1. Introduction. The understanding of constrained motion is an important area of analytical dynamics that has been worked on by numerous researchers. References [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] give a brief sampling of some of the researchers who have made substantial contributions; nevertheless, several questions remain unanswered at the present time. A significant problem in deriving the equation of motion for constrained mechanical systems arises when the mass matrix of the unconstrained mechanical system is singular. Since the mass matrix then does not have an inverse, standard methods for obtaining the constrained equations of motion, which usually rely on the invertability of the mass matrix, cannot be used. For example, the so-called fundamental equation developed by Udwadia and Kalaba [18] cannot be directly applied. Observing this, Udwadia and Phohomsiri [17] derived an explicit equation of motion for such systems with singular mass matrices. However, the structure of their explicit equation differs significantly from their so-called fundamental equation [18] . Recently, by using the concept of an unconstrained auxiliary system, Udwadia and Schutte [16] developed a simpler explicit equation of motion that has the same
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form as the so-called fundamental equation, and is valid for systems whose mass matrices may or may not be singular. In this paper we present a new alternative equation of motion for systems with positive definite and/or positive semi-definite mass matrices that is in many respects superior to that proposed in Ref. [16] .
We consider in this paper an unconstrained auxiliary system that has a positive definite mass matrix instead of the actual unconstrained mechanical system whose mass matrix may be positive semi-definite. When subjected to the same 'given' force and the same constraints as in the actual unconstrained mechanical system, the unconstrained auxiliary system provides in closed form, at each instant of time, the acceleration of the actual constrained mechanical system. Furthermore, by augmenting the 'given' force that is acting on the actual unconstrained mechanical system we obtain from the auxiliary system the proper constraint force acting on the actual unconstrained mechanical system. In short, the auxiliary system obtained herein gives the equation of constrained motion of the actual mechanical system in closed form, whether or not the mass matrix is singular. The results obtained herein are more general, simpler, and computationally much more efficient than those in Ref. [16] . Also, the proofs are simpler, and more importantly, the results lead to deeper insights into the nature of constrained motion of mechanical systems.
We briefly point out the importance of being able to formulate correctly the constrained equations of motion for mechanical systems whose mass matrices are positive semi-definite. When a minimum number of coordinates is employed to describe the (unconstrained) motion of mechanical systems, the corresponding set of Lagrange equations usually yields mass matrices that are non-singular [12] . One might thus consider that systems with singular mass matrices are not common in classical dynamics. However, in modeling complex multi-body mechanical systems, it is often helpful to describe such systems with more than the minimum number of required generalized coordinates. And in such situations, the coordinates are then not independent of one another, often yielding systems with positive semi-definite mass matrices. Thus, in general, singular mass matrices can and do arise when one wants more flexibility in modeling complex mechanical systems. The reason that more than the minimum number of generalized coordinates are usually not used in the modeling of complex multi-body systems, though this could often make the modeler's task much simpler, is that they result in singular mass matrices, and to date systems with such matrices have been difficult to handle within the Lagrangian framework. We give an important example dealing with the rotational dynamics of a rigid body in this paper showing how singular mass matrices can appear in the modeling of mechanical systems. This is the reason it is useful to obtain in closed form the general, explicit equations of motion for constrained mechanical systems whose mass matrices may or may not be singular. Since such systems normally arise when modeling large-scale, complex mechanical systems in which the modeler seeks to substantially facilitate his/her work by using more than the minimum number of coordinates to describe the system, it is also important to keep an eye on the computational efficiency of the equations so obtained.
System Description of General Constrained Mechanical Systems.
It is useful to conceptualize the description of a constrained mechanical system, S, in a three-step procedure. We do this in the following way: First, we describe the so-called unconstrained mechanical system in which the coordinates are all independent of each other. We do that by considering an unconstrained mechanical system whose motion at any time t can be described, using Lagrange's equation, by
with the initial conditions
where q is the generalized coordinate n-vector; M is an n by n matrix that can be either positive semi-definite (M ≥ 0) or positive definite (M > 0) at each instant of time; and Q is an n-vector, called the 'given' force, which is a known function of q,q, and t. We shall often refer to the system described by equation (2.1) as the unconstrained mechanical system S. Second, we impose a set of constraints on this unconstrained description of the system. We suppose that the unconstrained mechanical system is now subjected to the m constraints given by
where r ≤ m equations in the equation set (2.3) are functionally independent. The set of constraints described by (2.3) includes all the usual varieties of holonomic and/or nonholonomic constraints, and then some. We shall assume that the initial conditions (2.2) satisfy these m constraints. Therefore, the components of the nvectors q 0 andq 0 cannot all be independently assigned. We further assume that the set of constraints (2.3) is smooth enough so that we can differentiate them with respect to time t to obtain the relation
where A is an m by n matrix whose rank is r, and b is an m-vector. We note that each row of A arises by appropriately differentiating one of the m constraint equations. Using the information in the previous two steps, in the last step we bring together the description of motion of the constrained mechanical system as
where Q c is the constraint force n-vector that arises to ensure that the constraints (2.4) are satisfied at each instant in time. Thus, equation (2.5) describes the motion of the actual constrained mechanical system, S. In what follows we shall suppress the arguments of the various quantities unless required for clarity. Equation (2.3) provides the kinematical conditions related to the constraints. We now look at the dynamical conditions. The work done by the forces of constraints under virtual displacements at any instant of time t can be expressed as [21] 
where C(q,q, t) is an n-vector describing the nature of the non-ideal constraints which is determined by physical observation and/or experimentation, and the virtual displacement vector, v(t), is any non-zero n-vector that satisfies [20] A(q,q, t)v = 0. (2.7)
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When the mass matrix M in equation (2.1) is positive definite, the explicit equation of motion of the constrained mechanical system S is given by the so-called fundamental equation [22] 
where a = M −1 Q, B = AM −1/2 , and the superscript "+" denotes the MoorePenrose (MP) inverse of a matrix [9] , [13] , [19] . We note that equation (2.8) is valid (i ) whether or not the equality constraints (2.3) are holonomic and/or nonholonomic, (ii ) whether or not they are nonlinear functions of their arguments, (iii ) whether or not they are functionally dependent, (iv ) and whether or not the constraint force is non-ideal. We note that the constrained mechanical system S is completely described through the knowledge of the matrices M and A, and the column vectors Q, b, and C. The latter four are functions of q,q, and t, while the elements of the matrix M are, in general, functions of q and t. In what follows, we shall also denote the acceleration of the constrained system given in equation (2.8),q s (=q).
However, when the unconstrained mechanical system given by (2.1) is such that the matrix M is singular, the above equation cannot always be applied since the matrix M −1/2 may not exist. In that case, equation (2.8) needs to be replaced by equation [17] 9) under the proviso that the rank of the matrixM
This rank condition is a necessary and sufficient condition for the constrained mechanical system to have a unique acceleration -a consequence of physical observation of the motion of classical mechanical systems.
However, the form of equation (2.9) when M is positive definite is noticeably different from the form of the so-called fundamental equation (2.8) . A unified equation of motion that is applicable to both these situations is presented in Udwadia and Schutte [16] . They considered an auxiliary system that has a positive definite mass matrix, which is subjected to the same constraint conditions as the actual mechanical system that has a singular mass matrix. This positive definite mass matrix of the auxiliary system is expressed as M + α 2 A + A, where α is any non-zero real number and again the superscript "+" denotes the Moore-Penrose (MP) inverse of the matrix [16] . However, the use of the Moore-Penrose (MP) inverse of the matrix in M + α 2 A + A makes it difficult to handle analytically and expensive to compute, especially when the row and column dimensions of A are large.
In this paper we uncover a new general equation of motion for constrained mechanical systems by instead using the augmented mass matrix,
T GA, which is simpler, more general and lends itself equally to use by the so-called fundamental equation (2.8) . The function α(t) is an arbitrary, nowherezero, sufficiently smooth (C 2 ) real function of time, and G(q, t) = N T (q, t)N (q, t) is any arbitrary m by m positive definite matrix whose elements are sufficiently smooth functions (C 2 ) of the arguments. Thus greater generality, simpler results, and greater computational efficiency are herein achieved. Furthermore, the proofs of the various results are much simpler than in Ref. [16] .
Explicit Equations of Motion for General Constrained Mechanical
Systems. From physical observation, the acceleration of a system in classical dynamics under a given set of forces and under a given set of initial conditions is known to be uniquely determinable. As shown in Ref. [17] a necessary and sufficient condition for this to occur is that the rank of the matrixM
is n. We shall therefore assume throughout this paper that for the constrained systems we consider herein, the matrices M and A are such that this condition is always satisfied. Thus we assume that the actual constrained mechanical system under consideration is appropriately mathematically modeled and the resulting acceleration of the system can be uniquely found.
Positive Definiteness of the Augmented Mass Matrices.
Lemma 3.1. Let M ≥ 0 , let α (t) be an arbitrary, nowhere-zero, sufficiently smooth (C 2 ) real function of time, and let G(q, t) = N T (q, t)N (q, t) be any m by m positive definite matrix [4] whose elements are sufficiently smooth functions (C 2 ) of the arguments. The n by n augmented mass matrix
T GA is positive definite at each instant of time if and only if the n by n + m matrix
has rank n at each instant of time.
Proof. (a) Consider any fixed instant of time. Assume thatM has rank n; we shall prove that the augmented mass matrix
T GA is positive definite at that instant. We first observe that the matrix M A T G is symmetric since M is symmetric as is A T GA. Since the column space of the matrix A is identical to the column space of αA,
We shall denote by Col(X) the column space of the matrix X.
where we have denotedM :
. Next, we consider the augmented mass matrix M A T G . It can be expressed as
Thus, the n by n matrix M A T G must at least be positive semi-definite. But from
T GA is positive definite; we shall prove thatM has full rank n at that instant.
From (3.3) and the assumption that
T has rank n, and hence rank(M ) = n. Since elementary row operations do not change the rank of a matrix, we find that
(3.4)
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And also since
Hence, rank(M ) = n, and the proof is therefore complete.
Explicit Equation for
Constrained Acceleration. Having the auxiliary mass matrix M A T G , which has been proved to be always a positive definite matrix, we are now ready to begin implementing the explicit equations of motion for the constrained acceleration of the system S that may have a positive semi-definite mass matrix, M ≥ 0. We begin by proving a useful result that will be used many times from here on.
Lemma 3.2. Let A + denotes the Moore-Penrose (MP) inverse of the m by n matrix A,
Proof.
In the second equality above, we have used the fourth Moore-Penrose (MP) condition (see [3] , [13] , [19] ) and in the last equality, we have used the first MP condition. This yields the stated result.
Recall that our actual mechanical system has a mass matrix M that may be positive-semi definite, and since M −1/2 does not exist we encounter difficulty in finding the acceleration of the constrained mechanical system when using the fundamental equation (see equation (2.8) ). However, we note from Lemma 3.1 that the matrix M A T G is always positive definite whenM has rank n. Moreover, this rank condition is a check that our mathematical model appropriately describes a given physical system, since in all physical systems in classical mechanics the acceleration must be uniquely determinable. Were we then to use this matrix M A T G (instead of M ) as the mass matrix of an 'appropriate' unconstrained auxiliary system, subjected to the same constraints as the actual unconstrained mechanical system, we would encounter no difficulty in using the fundamental equation (2.8) to obtain the acceleration of this constrained auxiliary system, since the mass matrix of this auxiliary system is positive definite! Our aim then is to define this unconstrained auxiliary system in the 'appropriate' manner so that the resultant constrained acceleration it yields upon application of the fundamental equation always coincides with the acceleration of our actual constrained mechanical system. We now proceed to show that this indeed can be done, and we demonstrate how to accomplish this.
Consider any unconstrained mechanical system S, (i) whose equation of motion is described by equation (2.1) where the n by n mass matrix M may be positive semi-definite or positive definite, and whose initial conditions are given in relations (2.2),
(ii) which is subjected to the m constraints given by equation (2.4) (or equivalently by equation (2.3)) that are satisfied by the initial conditions q 0 andq 0 as described by equation (2.2), and (iii) which is subjected to the non-ideal constraint that is prescribed by the nvector C(q,q, t) as in equation (2.6).
Recall that we shall always subsume that the actual mechanical system S has the property thatM T = M | A T has rank n at each instant of time.
Consider further an unconstrained auxiliary system S A T G that has
(1) an augmented mass matrix given by
where α (t) is any sufficiently smooth function (C 2 would be sufficient) of time that is nowhere zero, and G(q, t) = N T (q, t)N (q, t) is any m by m positive definite matrix with its elements sufficiently smooth functions (C 2 would be sufficient) of its arguments, and (2) an augmented 'given' force defined by
where z(q,q, t) is any arbitrary, sufficiently smooth m-vector, (3) so that the equation of motion of this unconstrained auxiliary system is given by
Similar to the conceptualization stated in section 2, the system described by equation (3.10) is referred to as the unconstrained auxiliary system S A T G . (4) We shall subject this unconstrained auxiliary system S A T G to (a) the same initial conditions, and (b) the same constraints, which the unconstrained mechanical system S is subjected to, as described in items (ii) and (iii) above.
We note that the unconstrained auxiliary system S A T G differs from the unconstrained mechanical system S in that at each instant of time (a) it has an augmented mass matrix M A T G and (b) it is subjected to an augmented 'given' force Q A T G,z . Furthermore, in item (2) above, z is arbitrary and therefore it can be chosen to be identically zero.
The two unconstrained systems S and S A T G when subjected to the same set of constraints (both ideal and/or non-ideal at each instant of time) and the same set of initial conditions yield, correspondingly, what we shall call the constrained mechanical system and the constrained auxiliary system. Result 1. The acceleration of the constrained mechanical system S obtained by considering the unconstrained mechanical system and its constraints as described by (i)-(iii), is identical with, and directly obtained from, the explicit acceleration of the constrained auxiliary system S A T G obtained by considering the unconstrained auxiliary system and its constraints as described by (1)-(4).
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Proof. As shown in Ref. [17] , the acceleration,q s , of the constrained mechanical system S is described by the equation (see equation (2.9))
while the acceleration,q s A T G , of the constrained auxiliary system S A T G is given by (2.9)q
(3.12)
Let us consider first the term (I − A + A)M of (3.11). Post-multiplication of both sides of (3.6) by α 2 GA, yields
so that
(3.14)
Using (3.14) in equation (3.11) thus yields
We note that the acceleration of the constrained system is still the same even though the mass matrix M ≥ 0 is replaced with the augmented mass matrix M A T G > 0 (see equations (3.11) and (3.15)).
Pre-multiplying and post-multiplying both sides of (3.6) by M A T G and Gz respectively, we have
Noting that for any matrix X, X + = (X T X) + X T [13] , from equation (3.15), we have
The fourth equality above follows from equation (3.16) and the last from equation (3.12) This proves the claim.
Since we know that at each instant of time the acceleration of the constrained mechanical system S is the same as that of the constrained auxiliary system S A T G (see equation (3.17) ), and also that the augmented mass matrix of the system S A T G is positive definite, we can directly apply the so-called fundamental equation (2.8) to the unconstrained auxiliary system described by (3.10) to getq s A T G and thereforë q s explicitly as [22] 
where 21) and
Remark 1. We know that whenM has rank n, the acceleration,q s , of the constrained mechanical system S is unique and is explicitly given by equation (3.11). And since we have shown thatq s =q s A T G at each instant of time, the acceleration of the constrained auxiliary system must be independent of the arbitrary (nowherezero) scalar function α(t), the arbitrary m-vector z(t), and the arbitrary (positive definite) matrix G(q, t), provided each of these three entities is a sufficiently smooth (C 2 ) function of their arguments.
Remark 2. Since α, z and G are arbitrary as just stated, we can further particularize equation (3.18) by setting α ≡ 1, z ≡ 0, G ≡ I m in describing our unconstrained auxiliary system. Thus this unconstrained auxiliary system now has a simple augmented mass matrix M + A T A, and it is subjected to the same 'given' force as the unconstrained mechanical system S. This unconstrained auxiliary system, when subjected to the same constraints (kinematical and dynamical) as those placed on S, yields the acceleration of the constrained mechanical system S, given bÿ
where
A T Q, and
Explicit Equation for
Constraint Force. So far, we have developed an unconstrained auxiliary system S A T G which always has a positive definite mass matrix, and we have used it in the so-called fundamental equation (2.8) to directly yield the acceleration of the constrained mechanical system S. We now further explore whether the constraint force Q c acting on the unconstrained mechanical system S (that is brought into play by the presence of the constraints (ii) and (iii) described earlier in Section 3.2) can be directly adduced from the equation of motion of the constrained auxiliary system S A T G . To show this, we begin by putting forward a useful result. equation (3.8) and B A T G is defined in equation (3.22) .
(3.25)
In the third equality above, we have used the fourth MP condition and in the fifth we have used the first MP condition.
From equation (2.5) we know that once we obtain the constrained acceleration q(=q s ) from equation (3.18) of the mechanical system S, we can determine the constraint force Q c acting on the unconstrained mechanical system S (described by equation (2.1)) at each instant of time from the relation
Alternatively, consider the equation of motion of the constrained auxiliary system S A T G , which can be obtained by pre-multiplying both sides of the equation (3.18) by M A T G . We have
where the constraint force acting on the unconstrained auxiliary system S A T G (described by equation (3.10)) is denoted by,
We notice from equation (3.27 ) that under the same set of constraints (both ideal and non-ideal) as those acting on the unconstrained mechanical system S, the constraint force acting on the unconstrained auxiliary system S A T G is Q c A T G,z ; the explicit expression for this force is given by equation (3.28).
We now explore the connection between Q c and Q c A T G,z , our aim being to obtain Q c explicitly from Q c A T G,z . We now claim that this can indeed be done by appropriately choosing the m-vector z(t) which has so far been left arbitrary.
To show this, we begin by considering only the third member on the right-hand side of the first equality of equation (3.27 ). Expanding it, we have 
and
436 FIRDAUS E. UDWADIA AND THANAPAT WANICHANON Equation (3.30) shows that the accelerationq s of the constrained mechanical system S is given byq
and that it is indeed independent of the arbitrary m-vector z(t) as remarked in the previous sub-section. Furthermore, equating the right-hand sides of equation (3.27) with (3.30) (both of which equal M A T Gqs ), we get
so that from the last equality we have
We now prove the following result:
Result 2. When the unconstrained mechanical system, S, and the unconstrained auxiliary system, S A T G , have the same initial conditions and when they are each subjected to the same (ideal and non-ideal) constraints, with the choice of the mvector,
where α(t) is a nowhere-zero, sufficiently smooth function of time, the constraint force acting on the unconstrained auxiliary system S A T G is the same as the constraint force acting on the unconstrained mechanical system S at each instant of time. In short,
Proof. From equation (3.30), we know that at each instant of time
(3.38)
In the last equality above, we have used equations (3.26) and (2.4). Substituting equation (3.38) in equation (3.35), we get
which is the general result that relates the constraint force Q c acting on the unconstrained mechanical system S to the constraint force Q c A T G,z acting on the unconstrained auxiliary system S A T G , at each instant of time. Note that in equation (3.39) α(t) is any arbitrary nowhere-zero scalar function of time, the m-vector z(t) is any arbitrary sufficiently smooth function of time, and G(q, t) is any positive definite matrix whose elements are continuous functions of its arguments. Finally, using (3.39), when z = α 2 b, the result follows.
Therefore, the force of constraint Q c acting on the unconstrained mechanical system S can also be directly obtained from the force of constraint Q c A T G,z acting on the unconstrained auxiliary system S A T G by the appropriate selection of the m-vector z(t) = α 2 (t)b(q,q, t).
We have now shown that if one would like to derive the constrained equations of motion of a general mechanical system S that has either a positive semi-definite or positive definite mass matrix, which is subjected to the kinematical constraints Aq = b and the non-ideal dynamical constraints described by the n-vector C(q,q, t) (under the proviso that matrixM has rank n), one could obtain the (explicit) constrained equation of motion of the mechanical system S by following the three-step conceptualization of constrained motion as follows in terms of a new unconstrained auxiliary system [14] :
(i) Description of the unconstrained auxiliary system: (a) Replace the mass matrix M ≥ 0 of the actual unconstrained mechanical system S as given in equation (2.1) with the augmented mass matrix M A T G as given in equation (3.8); (b) Choose z = α 2 b and replace the 'given' force Q acting on the actual unconstrained mechanical system S with the augmented 'given' force Q A T G,α 2 b as defined in equation (3.9); (c) Use the augmented mass matrix described in (a) and the augmented 'given' force described in (b) to obtain equation (3.10) which describes the unconstrained auxiliary system S A T G ; (ii) Description of the constraints: Subject this unconstrained auxiliary system to the same set of constraints (both ideal and non-ideal) and initial conditions as the actual unconstrained mechanical system S; (iii) Description of the constrained auxiliary system: Apply the so-called fundamental equation [18] , [22] (see equation (3.27) ) to the unconstrained auxiliary system described in (i) above, which is subjected to the constraints described in (ii).
The resulting equation of motion of this constrained auxiliary system has the following two important features:
(1) The explicit acceleration of the constrained auxiliary system S A T G , obtained by using equation (3.18) , is the same, at each instant of time, as the explicit acceleration of the constrained mechanical system S obtained by using equation (2.9), and (2) at each instant of time, the constraint force Q c (see equation (3.26) ) acting on the unconstrained mechanical system S (because of the presence of the constraints imposed on it) is the same as the constraint force Q c A T G,α 2 b (see equation (3.28) ) acting on the unconstrained auxiliary system S A T G , which is described by equation (3.10).
We are thus led to the somewhat surprising conclusion: the dynamics of the actual constrained mechanical system S are completely mimicked by the dynamics of the above-mentioned constrained auxiliary system S A T G .
Lastly, we point out that if one were interested only in obtaining the acceleration at each instant of time of the constrained mechanical system S, one can use any arbitrary m-vector z(t) to obtain the augmented 'given' force Q A T G,z (see equation (3.20) ) and then use equation (3.18) . For simplicity, Occam's razor would then suggest that we might prefer to take z(t) ≡ 0. Furthermore, as pointed out in item (i), part (b), above, if one were, in addition, also interested in finding the correct constraint force acting on the unconstrained mechanical system S, one would need to choose z(t) = α 2 (t)b(q,q, t) and use equations (3.21) and (3.28). Clearly then, when the constraints are such that b(q,q, t) ≡ 0, the choice of z ≡ 0 in the augmented 'given' force (3.9) in the description of the unconstrained auxiliary system (3.10) is automatically selected, and the 'given' force on both the actual unconstrained system and the unconstrained auxiliary system become identical. In that case, the use of equation (3.27 ) yields, at each instant of time, the correct acceleration of the constrained mechanical system S as well as the correct force of the constraint acting on the unconstrained mechanical system S.
The approach of the above three-step conceptualization of constrained motion by utilizing the auxiliary system is summarized in Table 1. This table schematically shows how one generates the auxiliary system S A T G from the actual given mechanical system S.
Step 1 deals with the description of the unconstrained system S and the corresponding unconstrained auxiliary system S A T G . Instead of using the mass matrix M of the given mechanical system S that may or may not be singular, we use the mass matrix M A T G for the auxiliary system S A T G which is positive definite under the proviso thatM has full rank. In addition, we also augment the given force Q of the actual mechanical system S with the term A T Gz in defining the unconstrained auxiliary system. Then the unconstrained acceleration of the auxiliary system can be written as
while the unconstrained acceleration is undefined, as shown, in the case where the mass matrix is singular for the unconstrained mechanical system. In
Step 2, while describing of the constraints we apply the same set of (ideal and non-ideal) constraints to the auxiliary system S A T G as applied to the actual mechanical system S.
In Step 3, we can obtain the explicit equation for the constrained acceleration of the actual mechanical system by using the unconstrained auxiliary system and the constraints defined in the previous two steps and applying the so-called fundamental equation [18] , [22] (see equation (3.18) ). The fundamental equation also explicitly gives the constraint force on the actual mechanical system when using the m-vector z = α 2 b in our definition of the unconstrained auxiliary system (see equations (3.21) and (3.28)).
Equations for Rotational Motion of a Rigid Body Using Quaternions.
We show in this example how the results obtained in this paper can be directly applied to get the quaternion equations of rotational motion for rigid bodies in a simple and direct manner. When considering the rotational dynamics of rigid bodies, the use of quaternions removes singularity problems that inevitably arise when using Euler angles. However, the quaternion 4-vector describing a physical rotation is constrained to have unit norm, and hence the equations of motion in terms of quaternions can be considered as constrained equations of motion.
Consider a rigid body that has an absolute angular velocity, ω ∈ R 3 , with respect to an inertial coordinate frame. The components of this angular velocity with respect to its body-fixed coordinate frame whose origin is located at the body's center of mass are denoted by ω 1 , ω 2 , and ω 3 . Let us assume, without loss of generality, that the body-fixed coordinate axes attached to the rigid body are aligned along its principal axes of inertia, where the principal moments of inertia are given by J i > 0, i =1,2,3. The rotational kinetic energy of the rigid body is then simply Step 1: Description of Unconstrained System
Mass Matrix M (q, t) ≥ 0 is an n by n matrix
α(t) = 0 is an arbitrary function of time, G(q, t) > 0 is an arbitrary m by m matrix Given Force Q(q,q, t)
Unconstrained Acceleration
Step 2: Description of Constraints
Description of Kinematical Constraints
A(q,q, t)q = b(q,q, t) A is an m by n matrix A(q,q, t)q = b(q,q, t)
Description of Non-ideal Constraints
C(q,q, t) C(q,q, t)
Step 3: Description of Constrained System We note that the components of u are not independent and are constrained since the quaternion u must have unit norm to represent a physical rotation. Under the assumption, however, that these components are independent, one obtains the unconstrained equations of motion of the system using Lagrange's equations as We note now that the 4 by 4 matrix M = 4E T JE in relation (4.3) of this unconstrained system is singular, since its rank is 3.
The unit norm constraint on the quaternion u requires that u T u = u . Hence, by Lemma 3.1, the matrix M A T G = M + α 2 g(t)uu T given in (3.8) is positive definite, where the arbitrary function g(t) > 0, ∀t and we can choose α to be any positive constant. Using equation (3.18) we obtain using some algebra the generalized acceleration of the system given bÿ 6) whereω is the usual skew-symmetric matrix obtained from the 3-vector ω and N (ω) is the norm of ω.
Conclusions.
The main contributions of this paper are the following:
(i) In Lagrangian mechanics, describing mechanical systems with more than the minimum number of required coordinates is helpful in forming the equations of motion of complex mechanical systems since this often requires less labor in the modeling process. The reason that we do not usually use more coordinates than the minimum number is because in doing so we often encounter singular mass matrices and then standard methods for handling such constrained mechanical systems become inapplicable. For example, methods that rely on the invertability of the mass matrix cannot be used.
